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Abstract 
Let P* denote the graph obtained by joining a new vertex to every vertex of a path on 
n vertices. Let Ui,j(n) denote the set of all connected graphs obtained from PfwP* by 
connecting the four vertices of degree 2 by two paths of lengths ( 1> 0) and t( ~> 1) such that 
s + t = n - i - j  is a constant. Li and Whitehead Jr. conjecture that U3,4(n) forms a chromatic 
equivalence class by itself. In this note we prove the conjecture in the affirmative. 
In what follows, P(G; 2) denotes the chromatic polynomial of a graph G. Two 
graphs are said to be chromatically equivalent if they share the same chromatic 
polynomial. The chromatic equivalence class of a graph G is the set of all graphs having 
the same chromatic polynomial as that of G. 
One may compute the chromatic polynomial of a graph G by using the following 
reduction formula (see [4]). This states that 
P(G; 2) = P(G-  e; 2 ) -  P(G.e; 2), (1) 
where G - e is the graph obtained from G by deleting the edge e and G. e is the graph 
obtained from G - e by identifying the end vertices of e and reducing multiple edges 
to single edges. 
Let P, denote a path on n vertices and let P* denote the graph obtained by joining 
a new vertex to every vertex of P,. Clearly, P* has precisely two vertices of degree 2 if 
n >/3. For each i,j >~ 3, let Ui,i(n; s, t) be the connected graph obtained by connecting 
the four vetices of degree 2 in P*wP* by two paths of lengths s and t where 
s + t = n - i - j .  Here, n is the number of vertices in Ui,~(n; s, t). When s = 0, the 
subgraphs P~' and P* are such that they overlap at a vertex of degree 2. The graph 
U3,4(n; s, t) is depicted in Fig. l(a). Let 
V.j(n) = {U~,j(n; s, t):s >1 O, t />  1, s + t = n - i - j} .  
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Fig. 1. Some families of graphs. 
With the aid of formula (1) and by induction on n, it is readily seen that any two 
graphs in Ui, j(n) are chromatical ly equivalent. In [-3], Li and Whitehead Jr. conjecture 
that for each integer n i> 8, U3,4(n) forms a chromatic equivalence class by itself. In 
this note, we prove the conjecture in the affirmative. Earlier, Koh  and Teo [2] have 
remarked that U3,3(n) forms a chromatic equivalence class by itself. 
Theorem 1. For each n >>. 8, Ua,4(n)forms a chromatic equivalence class by itself. 
The rest of this paper is directed towards proving Theorem 1. To begin with, 
consider the following four families of graphs. 
(i) Let W(n, k) denote the graph obtained from P* by connecting two vertices of 
degree 2 in P* by a path of length n - k( i> 2) where n is the number  of vertices. 
(ii) The other three families of graphs Rx(n), R2(n) and R3(n) are shown in Fig. 1. 
Here n is the number  of vertices and the dashes denote a path whose length (>/1)  is 
indicated by the number  beside it. 
By using formula (1) repeatedly, we obtain 
P(R3(n); 2) = (2 - 1)"-4(2 - 2)" + ( - )"(2 - 1)(2 - 2)(32 -- 8), (2) 
P(W(n, 5); 2) = (2 - 1)"- ' (2 - 2) 4 + ( - 1)"-x(2 -- 1)(2 - 2)(22 - 52 + 8) (3) 
and 
P(U3,4(n; s, t); 2) = (2 - 1)n-5(2 -- 2) 5 q- ( -- 1)n-1(2 -- 1)(2 -- 2)2(22 -- 8). (4) 
Let G be a graph. Let G t> denote any graph obtained by overlapping a triangle 
at an edge of G. Then it is seen that P(Gt>; 2) = (2 - 2)P(G; 2). 
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Lemma 1 (Chao and Whitehead [1]). I f  G is a graph containing at least two triangles 
such that there is a vertex of degree 2 in one of the triangles, then (2 - 2) 2 divides P( G; 2). 
Suppose G is a connected graph on n vertices and m edges. Then the cyclomatic 
number of G is m - n + 1. Let ~¢(n, c, r) denote the set of all 2-connected 3-chromatic 
graphs G on n vertices having the following properties: 
(i) G has cyclomatic number c, 
(ii) the number of triangles in G is r, and 
(iii) G has no chordless cycles of length 4. 
Lemma 2. Let G~(n ,c , r )  where r >~ 2 and let H be a subgraph of G induced 
by the edges of the triangles of G with IHI = k. Let ~t =2( IE (H) I -k )  and 
fl = I{v e V(H): dn(v) = 2} [. Suppose G has no triangles having a vertex of degree 2. 
Then k <~ 2(c -  1) and ~ + fl <~ 2(c - 1). 
Proof. Since G ~ ~¢(n, c, r), we have 
2(n + c - 1) = ~ do(v). (5) 
veG 
Since H contains no vertex of degree 2 in G, we have 
dG(v) >>- 3k + 2(n - k) = 2n  + k. (6) 
v~G 
Eqs. (5) and (6) imply that k ~< 2(c - 1). 
Also, 
ddv) = ddv) + tidy) 
wG wG - H wH 
>/ ddv) + Z d.(v) + 
wG - H v~H 
>/2(n -  k) + 2IE(H)I + fl = 2n + ~ + ft. 
Eqs. (5) and (7) imply that a + fl ~< 2(c - 1). [] 
(7) 
Proof of Theorem 1. By Lemma 5(vi) of [3], any two graphs in U3,4(n ) have 
the same chromatic polynomial. Let G ~ U3,4(n ). Suppose Y is chromatically equiv- 
alent to G. We shall show that Y~Ua,4(n). As G~C(n,  6,5), it follows that 
Y ~ ~¢(n, 6, 5). 
There are two cases to consider: 
Case (i): Y contains no triangles having a vertex of degree 2. Then Y satisfies the 
condition of Lemma 2. Suppose H is a subgraph of Y induced by the edges of the 
5 triangles of Y. By Lemma 2, ]HI ~< 10 and ~ + fl ~< 10. In [3], Li and Whitehead Jr. 
have listed all possible subgraphs H that satisfy these conditions. These subgraphs are 
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Fig. 2. Some possible subgraphs. 
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H1, H2 . . . . .  H5 and they are as shown in Fig. 2. These subgraphs lead eventually to 
the graphs U3,4(n; r, s), U3,4(n; 0, t), R2(n), R1 (n) and W(n, 6), respectively. Moreover, 
Li and Whitehead Jr. have shown that none of the graphs Rx(n), R2(n) and W(n, 6) is 
chromatically equivalent to Y. So Y is Ua,4(n; s, t) or U3,4(n , 0, t). Hence Y ~ U3,4(n). 
Case (ii): Y contains a triangle with a vertex of degree 2. Let x be a vertex of degree 
2 of a triangle in Y. Remove x together with the two edges incident o it. The resulting 
graph Y - {x} is such that (2 - 2) divides P(Y - {x}; 2) but (2 - 2) 2 does not divide 
P(Y - {x}; 2) because (2 - 2) 2 divides P(Y; 2) but (2 -- 2) 3 does not divide P(Y; 2) 
(according to (4)). Evidently Y - {x} ~ ~(n  - 1, 5, 4). Since (2 - 2) 2 does not divide 
P(Y  - {x}; 2), by Lemma 1, no triangle in Y - {x} contains a vertex of degree 2. Thus, 
Y - {x} satisfies the condition of Lemma 2. Suppose H '  is the subgraph of Y - {x} 
induced by the edges of the 4 triangles of Y - {x}. By Lemma 2, In'l ~< 8 and 
+ fl ~< 8. In [2], Koh and Teo have listed all possible subgraphs that satisfy these 
conditions. We check that, among these, there are only four subgraphs He, Hal, H I and 
Hg that may lead to the graph Y - {x}. These four subgraphs are shown in Fig. 2 
and they lead eventually to the graphs W(n-  1, 5), R3(n-  1), U3,3( r t -  1; 0, t) 
and U3,3(n - -1 ;  s , t )  respectively. Neither of the graphs U3,3(n - -1 ,  0, t) and 
Ua,3(n -- 1; s, t) is chromatically equivalent o Y -- {x} because (2 - 2) 2 divides both 
P(Ua ,3(n  -- 1; 0, t); 2) and P(U3,3(n  -- 1; s, t); 2) (see Lemma 3(v) of [2]). So Y - {x} is 
W(n- l ,  5) or R3(n-1)  which implies that Y is W(n- l ,  5)t> or Ra(n-1)t>. 
However, this is a contradiction because, by (2) and (3), we have 
P(Ra(n -- 1)t>; 2) = (2 -- 1)"-5(2 -- 2) 5 + ( -- 1)"-1(2 -- 1)(2 -- 2)2(3), -- 8), 
P(W(n - 1, 5)t>; 2) = (2 - 1)"-5(2 - 2) 5 + ( - 1)"(2 - 1)(2 - 2)2(22 - 52 + 8) 
and P(Ua.4(n; s, t); 2) is as given in (4). 
This completes the proof that Ua,4(n) forms a chromatic equivalence class by 
itself. []  
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We end this paper  with the following problem. 
Problem. For  what values of i , j  >f 4 does Ui,j(n) form a chromat ic  equivalence class 
by itself? 
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